Evaluable multipartite entanglement measures: are multipartite concurrences 

entanglement monotones? 
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We discuss the monotonicity of systematically constructed quantities aiming at the quantification 
of the entanglement properties of multipartite quantum systems, under local operations and classical 
communication (LOCC). We provide a necessary and sufficient condition for the monotonicity of 
generalized multipartite concurrences which qualifies them as legitimate entanglement measures. 
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I. INTRODUCTION 

Quantum correlations of composite systems play a 
crucial role in the rapidly developing theory of quan- 
tum information, since they constitute the most impor- 
tant resource for applications in which quantum informa- 
tion processing outperforms its classical counterpart. A 
proper description and quantification of quantum entan- 
glement, especially for multipartite systems as the phys- 
ical basis of quantum computing devices, thus becomes 
an important theoretical challenge. 

All quantum correlations inscribed in the simplest 
composite systems consisting of only two parts are quali- 
tatively equivalent. This means that any entangled state 
can be obtained from a maximally entangled Bell-like 
state via local quantum operations on each subsystem, 
supplemented by classical exchange of information, con- 
cerning, e.g.^ the results of various local measurements 
to condition subsequent operations on the other subsys- 
tem. The ensemble of such Local Operations with Clas- 
sical Communication is summarized under the acronym 
LOCC. 

The situation becomes much more involved when pass- 
ing to multipartite systems. It is e.g. possible that only 
some subsystems are entangled among them, being si- 
multaneously not correlated with the rest. But even if 
all subsystems are entangled in a genuine way their cor- 
relations can be inequivalent in the sense outlined above. 
For example, in a system of three qubits, both GHZ 1^ 
as well as W j^] states, arguably deserve the label 'max- 
imally entangled'. However, they cannot be transformed 
into each other via LOCC operations This mere ob- 
servation clearly destroys any hope to characterize entan- 
glement in multipartite systems with a single scalar quan- 
tity - what is in contrast to the bipartite case, where this 
is possible at least in the limit of asymptotically many 
states [3- 

There is a large family of quantities that character- 
ize multipartite entanglement obtained from agen- 
eralization of the original concept of concurrence Q for 
bipartite systems. Unlike most other entanglement mea- 



sures, these multipartite concurrences can be evaluated 
efficiently even for mixed states , and they proved use- 
ful for investigations of various problems, such as the 
distinction of different classes of entanglement or, the 
preparation and time evolution of entanglement under 
decoherence [EQ- 

The construction of multipartite concurrences is based 
on the observation that the concurrence of a pure state 
1 4') of a bipartite system with Hilbert space H = Tii® 'H2 
can be expressed by the expectation value 



(1) 



where A is the projection operator from H onto its 
locally antisymmetrized part Hi A Hi (8) A H2. This 
expression is extended to mixed states g by the convex 
roof 



C(p)=min,>,^C(|V.)) , 



(2) 



where the minimum of the average concurrence 
X^jC'dV'i)) is taken over all pure state decompositions 
p = IV'iX^il with sub-normalized pure states \tpi) ■ 

To generalize the above concept for an A'^-partite sys- 
tem on a Hilbert space TC = Hi (8) • • • (8) Hat, we consider 
projections Pi'-* and pI*-* on the antisymmetric and sym- 



metric subspaces ~ Hi A Hi and Hi Hi 
and form a linear operator acting on H (i 
combination of their tensor products 



- of Hi® Hi, 
H as a, linear 



A 



p. 



(3) 



where Si G { — , +} (for simplicity of notation, we dispose 
of superscripts indicating subsystems, since the order in 
which the individual projectors enter Eq. (PJ corresponds 
to their numbering). For Eq. ^ to make sense, we set 
Psi,...,SK > - this renders the operator A positive semi- 
definite. 

Each operator A can be used to define a generalized 
concurrence for a pure state \ip) € H exactly as in the 
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bipartite case, C^dV')) = '^\/W\®W\AW®W) i and 
we use a notation which makes the dependence on A 
expHcit. Since terms with an odd number of projectors 
on antisymmetric spaces give a vanishing contribution, 
we can set the corresponding coefficients Psx,...,sn equal 
to zero, without loss of generality. Analogously to the 
bipartite case, the extension to mixed states is achieved 
by the convex roof l(2Jl 4]. 

By construction, C^d?/;)) is invariant under local 
unitary transformations, and it allows to discrimi- 
nate between qualitatively different entangled states 0. 
Though, a priori nothing is said about its behavior un- 
der LOCC. Monotonic decrease under LOCC is the cru- 
cial property of an entanglement measure that allows not 
merely to quantify correlations of a given state but also 
to decide whether one state can be obtained from an- 
other one by LOCC 8]. In particular, if there exist two 
different concurrences C^^j and , proved to be en- 
tanglement monotones, that establish different orders of 
states 10) and 1-0), e.g. Cai{\4')) < C'^i(IV')); whereas 
C^2(l'/')) > C'^2(IV'))) then no conversion between |0) 
and IV') via LOCC is possible. 

II. ENTANGLEMENT MONOTONES 

In general, it can be rather involved to prove mono- 
tonicity of a multi-partite quantity by considering the ac- 



tion of the most general LOCC operation on it. Though, 
there is a systematic approach to find necessary and suf- 
ficient conditions for a quantity to be an entanglement 
monotone The problem of monotonicity was further 
simplified [9j by proving that a convex function / is an 
entanglement monotone if and only if 



- / is invariant under local unitaries, and 



- satisfies the so-called 'FLAGS condition': 



for all multipartite states p*^*^ , and all mutually or- 
thogonal local states [77^) - called fiags - attached 
to the same, arbitrarily chosen subsystem. 



The FLAGS condition is equivalent to a simpler one 
with only two terms in the sum, i.e. 



f (pip(') ® \m){Vl\ +P2P^^^ ® \ri2)hl2\) ^Plf {p^'^) +P2f 



(5) 



Proof. Let p = ^^Pip'--^^ (X" |?7i)(?7i|- Consider the state p (g) |?7o)(?7o| (flag I770) is added to the same subsystem as 
flags \r]i)). From Eq. Q it follows in particular that f{p(S> \vo){vo\) — f{p)- Moreover, the state p (g) |77o)(f?o| = 
12iPiP'"^^ \Vi){Vi\ l'7o)('7o| can be transformed by local unitaries (local with respect to subsystems) into the state: 
Pip'^^^ (g) |?7i)(?7i| (gi |fyi)(?7i| + '^i>2PiP'^^^ ® ® |772)(??2|- Therefore, thanks to the invariancc of / under local 

unitaries we can write: 



Applying Eq. ||SJ) we obtain: 



i>2 



® \v2){m\ 



(6) 



f[Y.p^p'''^®\^^)^^^\] -pif{p^'^) + f\ T.p^ 

\ i J \i>2 



(7) 



By induction, this implies Eq. 



Adding local flags to a subsystem does not change the 
number of parties, but increases the dimension of one 
subsystem. Consequently, the function / needs to be de- 
fined for arbitrary (finite) dimensional systems, as con- 



currence in Eq. and most of the commonly used en- 
tanglement monotones are. Quantities that are defined 
solely for systems of specific dimensions cannot be char- 
acterized with the above criterion, and emerging conse- 
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quences are addressed in Sec. I VII 

III. SIMPLE CRITERION FOR 
MONOTONICITY 

With a few more assumptions on a potential monotone, 
one can reduce Eq. to an even simpler criterion, which 
eventually will allow us to investigate the monotonicity 
properties of the multipartite concurrences in question 
here. 

A function C that 

- is real, nonnegative and invariant under local uni- 
taries, 

- satisfies C{a\ilj)) — lapC(IV')), and 

- is defined for mixed states as a convex roof, c.f. 
Eq. 0, 

is an entanglement monotone if and only if 
C(a|V')®|r7i)+&l0)®l^2)) > |apC(|V)) + |6pC(|0)) , (8) 

with equality for a = or & = 0, where |0) and \^) are 
arbitrary multipartite pure states, and It^i), I772) are local 
orthogonal flags. This criterion clearly applies - though 
not exclusively - to the presently considered multipartite 
concurrences. 

Proof of sufficiency. In order to show that C is an 
entanglement monotone if it satisfies Eq. let us take 
two arbitrary multipartite states p^^\ p^-^^ with respective 
optimal decompositions p^'^ = 'Y^^ \'^f^){^f^\-: (* = lj2), 
which minimize the average concurrence. We show that 
the FLAGS condition, Eq. 

C(p)=piC(p(i))+p2C(p(2)) (9) 

holds, wherep = pip*^^^® |?7i) (?7i|+/c'^^^§5|?72) (?72|, and 
\r\2) are the local flags. The decomposition consisting of 
the vectors: 

^Mf) ® hi), and v^ivf ^) ® W) (10) 

is a valid decomposition of p, and hence due to Eq. (O 
we have the inequality 

C{p) < PlC(p(l) ® hl)(77l|) +P2C(/2) ^ |^2)(?72|). (11) 

Notice that thanks to assumed equality in Eq. © , when- 
ever a = or 6 = 0, we have C{\ip) ® \r])) = C(IV')), and 
consequently C{p® |77)(?7|) = C{p). Inequality l(TT|) thus 
reads: 

C(p)<piC(pW)+p2C(p(2)). (12) 

In order to prove equality, and thus establish Eq. @, it 
is enough to show that using coherent superpositions of 
the form 

a\i^)®\in) +h\4,)®\T^2) (13) 



in the decomposition of p, one can only increase the av- 
erage concurrence. This is, however, exactly the claim of 
Eq. ijHl). Consequently, if a decomposition of p contains 
states that are superpositions of terms with different lo- 
cal flags, then it is preferable for each of them to take 
two states forming a superposition as two separate vec- 
tors in the decomposition, and thus lower the average 
concurrence. Notice that this always leads us to a valid 
decomposition, since p does not contain any coherences 
between states with different flags I771), \rj2)- The op- 
timal decomposition for p is thus composed of vectors 
forming optimal decompositions of pip^^-* ® |77i)(?7i| and 
P2P^'^^ ® l'?2)(?72| and Eq. Q is satisfied. 

Proof of necessity. To show that any C necessarily 
needs to satisfy Eq. JHJ in order to be an entanglement 
monotone, we prove ad absurdum. Let us assume that 
inequality Eq. (O is violated for 01-0), and h\(f)). Conse- 
quently, introducing the state |^i) — (al-^) ® \rii) + h\(j)) ® 
\ri2))/V^ we have 

C(|Ci))<C(a|0))/2 + C(6|0))/2. (14) 

The state 1^2) = (a|V') ® W) ~ &I0) ® l'72))/V2 can be 
obtained from |^i) via local unitaries, thus C(|^i)) = 
C(IC2)), which imphes: 

C(|6)) <C(a|7^))/2 + C(&|0))/2. (15) 

If the states a|V') ® |?7i) and ® I772) provided an 
optimal decomposition for p = |ap|7/')(V'| ® l^i)('7i| + 
|ry2)(??2|, the criterion of Eq. Q would be sat- 
isfied. However, due to Eas. H14ll5|l replacing a\^) ® \r]\) 
and 6|0) ® \r\2) with states |^i), 1^2) yields a valid de- 
composition of p with a smaller concurrence. Therefore: 

C{p)<\a\^C{\i,)m^\h?C{\<i>)m , (16) 

which is in contradiction with the FLAGS condition 
and consequently G is not an entanglement monotone. ■ 

IV. MONOTONICITY OF MULTIPARTITE 
CONCURRENCE 

Now we are ready to address the question of mono- 
tonicity of the concurrences C^, defined in Eqs. iQ), 
and (PI, through the non-negative parameters Psi,...,s„. 
We want concurrence to vanish on completely separable 
states (states that are separable with respect to any par- 
tition). The only term in Eq. (|5J) that yields a non-zero 
contribution for such states is the term P_|_ (g) . . . ® P+ . 
Therefore, we set its pref actor equal to zero. Con- 

sequently, the concurrence depends on 2^^^ — 1 param- 
eters J3si,...,sjv • Lfit us express explicitly in terms of 
partial traces 



C^(|^)) = 21-^/^5] avTr(Trv(|0)(V'|)2) , (17) 
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where the summation is performed over all subsets V 
of N = {!,..., N}, and the prefactors a^/ are given in 
terms of the Psi....,SN via 



E 



Ps 



(18) 



From the above formula it follows that av = a-v, where 
V denotes the complement set to V. Furthermore, no- 
tice that ^-y- Q^v = '^^P+,...,+j which is zero according to 
what was said before. Consequently, we have 2^^^ — 1 
independent parameters av describing the concurrence 
C^. The parameterizations via Psi,...,sn ^^'^ o;v are 
equivalent, as one can invert the relation H18|) : 



3si,...,s„ — oAf E 
V 



"V Si 



(19) 



When parameterizing Ca using av, one has to keep in 
mind the positivity condition on Psi....,sn which requires 
that J2v Q^v riiev — for every choice of si, sat. 

Without loosing any relevant information on entangle- 
ment, we can normalize the concurrence. We adopt here 
the convention 



(20) 



so that the maximum value of concurrence for bipartite 
qubit states equals unity. In terms of the av, this con- 
straint amounts to setting: a0 — a-^ — 2^^^ — 1, or, 
equivalently. 



E 



av 



-(a0+aN) = -(2^-2) 



(21) 



In particular, the choice av = —1 for each V 7^ 0,N 
leads to the symmetric concurrence Cs, used in |^ Q 
to investigate the dynamics of decoherence in various 
systems. Thanks to the chosen normalization it enjoys 
the property Cs (|-0)i,...,7v) = Cs {\iI})i,...,n \(t)) n+i)- 
When an {N + l)-st party is added to the original N 
parties as a product state, the symmetric concurrence 
remains unchanged (Do not confuse adding an {N -1-1)- 
st party with adding a local flag to one of the parties). 

Thanks to the simple parameterization of Ca, it is pos- 
sible to give explicit conditions for monotonicity in terms 
of the parameters av- 



A. Sufficient condition for monotonicity 

Ca is an entanglement monotone if 

av < , for all V 7^ 0, N. (22) 

Proof: In order to shorten the following formulae we 
shall adopt the notation Trv(|V')(V'l) = Pv' Making use 



of the explicit parameterization of Ca given in Eq. H17|l , 
the inequality © to be proven reads 



EavTr([Trv|S)(Sr) > 



EavTr(p^)2-K|6p /EavTr(p^)2, 



V 



(23) 



V 



where |S) = a\ip) (g) \r]i) + b\(j)) \r]2), and, without loss of 
generality, we can assume that the local flags are added 
to the first subsystem. Moreover, we have 

Tr([Trv(|S)(S|]^) = |a|4Tr(4)2+|6|4Tr(p^)^+2|an6pTv, 

(24) 

where Tv = Trp^p^ if V 3 1, and Tv = Trp^p^ 
otherwise. Squaring inequality l|23|l we arrive at: 



E"vTv > /^avTr(4)2 /^avTr(p^)2 . (25) 



V 



V 



V 



As a direct consequence of the Cauchy-Schwarz inequal- 
ity, we have 



Tv < ^ 



Tripir + Tripi) 



(26) 



and equality holds for the cases V = 0, N where T0 — 
Tn = 1. Now, since av < holds by assumption for 
V 7^ 0, N, it is legitimate to use Eq. (|26|l . and substitute 
for Tv in Eq. ^ the right-hand-side of This will 
lower the left hand side of Eq. (|25|l . Thus, if we are able 
to prove the resulting inequality, the original one H25|) 
will follow. After some further algebra we arrive at: 



E"v 

V 



Tr(p^)2-Tr(p^)2 



> 



(27) 



which is obviously true and concludes the reasoning. 



B. Necessary condition for monotonicity 

One may now wonder whether the above sufficient cri- 
terion is also necessary for a multipartite concurrence 
to be an entanglement monotone. In this subsection we 
show that this is indeed the case for bi-, and tri-partite 
systems, i.e. for N = 2 and iV = 3. For the four-partite 
case, however, (and as a consequence also for cases involv- 
ing more than four parties) we have at least numerical 
evidence that there are concurrences with some av > 0, 
which nevertheless are still entanglement monotones. 



1. Bipartite systems 

The concurrence of bipartite systems in terms of pa- 
rameters av reads: 



Cim - y^2a0 + 2a{i}Tr(pJ',^)2 , (28) 
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and from the discussion at the beginning of Sec. IIVI it 
follows that the parameters are determined uniquely: 
a0 — 1, a^ij = —1. Indeed, a{i} is negative (from 
a more general perspective, a{i} has to be negative to 
make C a concave function of the one-party reduced den- 
sity matrix, which is a necessary and sufficient condition 
for bipartite quantities constructed via the convex-roof 
to be entanglement monotones (8||). 

2. Tripartite systems 

In the case of tripartite systems, we have three relevant 
parameters av - a^i}, a{2}j ct{3} ~ which due to normal- 
ization (Eq. (|21|l ) sum up to —3. Let us assume that one 
of them is positive. Without loss of generality we can take 
a^ij > 0. As we will show, in this case concurrence is not 
an entanglement monotone and, consequently, Eq. I|22|l 
is not only a necessary, but also a sufficient criterion. 
For this purpose it is sufficient to show that Eq. © is 
violated for some states. Let us take the two tripartite 
states \ip) = |0) (g) |$+) and = |0) (g) |$~), with equal 
weights a ^ b = l/\/2, where the state of the first sub- 
system is the same in both cases, and the remaining two 
subsystems are in orthogonal maximally entangled states, 
|$±) = (|0)(g)|0)±|l)g)|l))/V2. For these states one has 
Tr(/9^)^ = Tr(/o^)^ for any V, and additionally — 
for V = {1},{2},{3},{1,2}, and {1,3}. Consequently, 
after adding local flags to subsystem 1, Eq. H23|) reduces 
to 

^ (tHp^)^ + Tv) > ^5:avTr(4)2 , (29) 

what, after cancellation of several terms reduces to 

E ^ (Tr(P^)' - Tv) < . (30) 

V={1},{2,3} 

Now, one easily verifies that ^{i} = """{2,3} = 0, what 
leads to the conclusion that a^iy — a{2,3} < 0. This, 
however, is in contradiction with the assumption a^iy > 
made above. Thus, no tri-partite with some posi- 
tive prefactor av can be monotonously decreasing under 
LOCC. And consequently, the criterion is indeed 
also necessary. 

3. Four-partite and larger systems 

For four and more parties, the condition that one of 
the av is positive is not enough to show that the corre- 
sponding concurrence is not an entanglement monotone. 

I 



The counterexample valid for = 3 can be only ap- 
plied when that subset V for which av > contains 
only one element - then everything can be done anal- 
ogously as in the N — 3 case, except that one takes 
|$±) = (|0) (g • • • (g |0) ± |1) (g • • • (g |1))/V2. 

The idea behind this reasoning is simply to find states 
IV'), 10) for which Tr(p^)2 = Tr(pt)^ for each V. This 
assures that, on the right hand side of Eq. (^5)) . both 
square roots are equal. Furthermore we need a situation 
in which for every V, except the one for which we as- 
sumed av > 0, Tv = Tr(p^)^. As a result all the terms 
cancel out except for the one with positive av, for which 
we need to have Tv < Tr(p^)^ (in the A^ = 3 case Tv 
was zero). If this conditions are fulfilled, we arrive at a 
violation of Eq. if^ . 

Hence, we conclude that, for an arbitrary number of 
parties, if even one coefficient av is positive for a single- 
element subset V, the corresponding concurrence is not 
an entanglement monotone. (Remember the assumption 
that av = ckv; so if av > for some one-element subset, 
it is also positive for the complementary (A^ — l)-element 
subset) 

If, however, av is positive only for subsets containing 
more than one element (but less than A^ — 1), then the 
above strategy of violating inequality © will not work, 
and in principle the concurrence may be an entanglement 
monotone. 

In particular, we have numerically checked the case 
N — A. We set equal all coefficients av = ki for one- 
element or three-element subsets V, and av = K2 when- 
ever V is a two-element subset. Due to normalization 
(|21|l the coefficients ki and K2 are related: 8ki -|- 6k2 = 
— 14. The legitimate range of ki which is compatible with 
positivity of A is ki £ [—7,0] (and correspondingly K2: 
K2 G ["7/3,7]). Assuming that the states \(j>), \ip) are 
arbitrary 4-qubit states, we found that the inequality 
is violated if and only if ki < —2.8 (which corresponds to 
K2 > 1-4). That means that for these values of Ki the con- 
currence is surely not an entanglement monotone, while 
for Ki > —2.8 (which corresponds to K2 < 1.4 - hence, 
also positive ay are allowed) the concurrence is likely to 
be monotonous. To be absolutely sure of that we would 
have to investigate higher dimensional four-partite states 
IV'), 10), and not only qubits as we did here. 



V. EXAMPLE: TRIPARTITE MONOTONES 

As an example, we construct all monotonous 
concurrence-like quantities for tri-partite systems. From 
the general prescription given in Sec^it is clear that the 
most general form of the projection operator A defining 
the generalized pure-state concurrence reads 



A = p+__P|^^ (g) P^^ (g p1^^ + p_+_p1^^ g) P^'> g) P^'' + p—+P^}^ ® p1^^ ® P^^ , (31) 
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and we assume > 0, p | > 0, and p y > 0, to assure positive-definiteness of A. The normalization condition 

(Eq. 1)21) fl) yields: p^ + p ^ + p ^ = 3. From Eq. (|18|l we infer three independent conditions that guarantee 

non-positivity of av- 

p+ — +p-+->p — +, P-+-+P — +>p+ — , p+ — +P+ — >P-+-- (32) 



P—+ 




FIG. 1: Admissible parameters for monotonous generalized 
tri-partite concurrences are confined to the dashed region. 



The resulting parameter region which is spanned by ad- 
missible values of the coefficients is depicted in Fig. ^ 



VI. SOME CONTROVERSIES OVER THE 

P- (g) P- (g) P- (g) P- EXAMPLE 

As mentioned earlier, the presently used tools require 
a quantity that is defined in arbitrary dimensions. And, 
as the following example illustrates, there are quantities 
that are monotonously decreasing with respect to LOCC 
operations that respect the original dimensions of the sys- 
tems, whereas they can increase if the state is taken out 
of its original space of restricted dimension. Let's take 
as an example the four-partite concurrence ''IV')! 
[Tol [m IT^ , which is a straightforward generalization of 
the original concurrence | ('0* Icy^cTj, jV") | iSl with the com- 
plex conjugation performed in the standard separable ba- 
sis. Its definition restricts this quantity to system of four 
qubits only. And within this restriction it is known to 
be a proper monotone |lOl |. since it is invariant under 
stochastic local operations assisted by classical commu- 
nication - called SLOCC. 

Whereas this definition of a four-partite concurrence 
applies only to qubit systems, it can be generalized to 
systems of arbitrary dimensions via Eq. and the op- 



erator 

A = P-^P-^P^(g)P- . (33) 

Here, we drop the normalization, since our convention 
differs from those of 0, Ull IT^ , and is immaterial for 
the subsequent analysis. 

Thus, one can check monotonicity with respect to gen- 
eral LOCC operations with the criterion of Eq. (|22|) . For 
the coefficients av one obtains that av = —1 if V is a 
one-element or a three-element subset, and av = 1 for 
two-element subsets. As already indicated by numerical 
results presented at the end of Sec. IIVI for this values of 
av the concurrence is not an entanglement monotone. 

Indeed, this can be seen analytically. Let's choose 
the exemplary states = |$+) (E) 1$^), and |0) — 
|$~) (g) |$~). They violate inequality ©, since C{\^)) = 
C(|0)) = 1/2, while C(|V) ^ \m)/V2 + \cj)) ^ \m)/V2) = 
I/2V2. 

VII. SUMMARY 

We investigated the monotonicity properties of gener- 
alized, concurrence-like quantities which are useful for 
quantifying the entanglement of multipartite systems. 
The concurrences, defined for pure states in terms of pro- 
jection operators and extended to mixed states with the 
help of the convex-roof procedure, posses a range of at- 
tractive features: They allow for an effective lower bound 
estimation, what leads to a discrimination between sep- 
arable and entangled states ^ J^J . They are useful for 
investigations of entanglement dynamics under decoher- 
ence, and especially of the robustness of various types of 
entangled states 0, 01 • Moreover, they can be used to 
implement experimentally effective estimations of entan- 
glement [Illlllll. 

The constructed generalized concurrences depend on 
continuous families of parameters. This gives the desired 
flexibility for adapting them to concrete applications by 
choosing particular values of the parameters. On the 
other hand, not all choices are allowed if we demand the 
concurrences to become genuine entanglement measures. 
As such they should be non-increasing under LOCC. In 
the present paper we adapted general conditions of mono- 
tonicity under LOCC which were formulated in _8J, and 
have been simplified in |^ . We obtained a necessary and 
sufficient condition for monotonicity Eq. (jS]) , valid for all 
measures defined via the convex-roof construction H2t)|l . 
which is one of the canonical ways for defining mixed- 
state entanglement measures Based on this, we were 
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able to give a simple, sufficient condition for the mono- 
tonicity of the generalized concurrences 1)22(1 . which is 
also a necessary one in two and three-partite cases. 

The constructed monotonous measures of multipartite 
entanglement, being for pure states always bilinear in the 
components of the state, cannot completely characterize 
all classes of entangled states equivalent under LOCC. 
Notwithstanding, this leaves their crucial merits - the 
relative ease of a quantitative evaluation or estimation, as 
well as the direct experimental accessibility - unaffected. 
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